In this paper, we continue our investigation on controlling the state of a quantum harmonic oscillator, by coupling it to a reservoir composed of a sequence of qubits. Specifically, we show that sending qubits separable from each other but initialised at different states in pairs can stabilise the oscillator at squeezed states. However, only if entanglement is allowed in the reservoir qubit can we stabilise the oscillator at a wider set of squeezed states. This thus provides a proof for the necessity of involving entanglement in the reservoir qubits input to the oscillator, as regard to the stabilisation of quantum states in the proposed system setting. On the other hand, this system setup can be in turn used to estimate the coupling strength between the oscillator and reservoir qubits. We further demonstrate that entanglement in the reservoir input qubits contributes to the corresponding quantum Fisher information. From this point of view, entanglement is proved to play an indispensable role in the improvement of estimation precision in quantum metrology.
I. INTRODUCTION
Stabilisation of a quantum system at a desired target state plays a central role in engineering, as it dovetails with various quantum technologies such as quantum sensing [3] , [6] , [9] . However, in view of the short dynamical time scales, instantaneous output signal analysis and retroaction is inevitably limited in the vast majority of quantum systems. Quantum reservoir engineering, considered as an alternative control approach for quantum state stabilisation, helps us avoid a direct real-time analysis of output signals. In more concrete terms, a reservoir is designed coupled to a quantum system, with the aim of steering the system initialised at arbitrary states to a single target state or a subspace of desired states [12] , [14] , [15] .
In this paper, we continue our investigation on the system setup depicted in Fig. 1 , in line with our previous studies detailed in [10] - [12] . There is a single harmonic oscillator mode of a cavity that is weakly coupled to a sequence of qubits, via the Jaynes-Cummings Hamiltonian. This setup is generally analogous to the Haroche experimental setting [13] , but no measurement is imposed. Each qubit can be initialised as needed before entering the cavity, and then it interacts with the stored oscillator mode before exiting the cavity. Finally it will be discarded when the next qubit moves into the cavity. The stream of qubits thus acts as an engineered reservoir to control the oscillator's quantum state. It is known that a short resonant interaction with a stream of independent, identical, weakly excited qubits can stabilise coherent states inside the cavity, whereas entangled qubits can stabilise e.g. squeezed states of the field [10] - [12] .
As a further step towards better understanding the necessity of involving entanglement in reservoir input qubits, here we take into account the scenario where the input qubits are initialised at different states, acting as a time-varying quantum reservoir. We explore the beneficial effects of timevarying features, in comparison with embracing entanglement in the reservoir qubits. In particular, we observe that by alternately sending separable reservoir qubits initialised at two different states to the oscillator, squeezed states can be stabilised, while entangled reservoir input qubits can stabilise the oscillator mode at a wider set of squeezed states. These results provide important insight on the necessity of having entanglement in reservoir input. Fig. 1 . Framework of open-loop quantum reservoir engineering. The aim is to stabilise the system S at a target state by coupling it to another quantum system R, referred to as the reservoir, which is viewed as a stream of input quantum states that are discarded after interaction.
On the other hand, in quantum metrology this system setup can be utilised as an apparatus to estimate the coupling strength between reservoir qubits and the oscillator. Quantum metrology, studying how to obtain higher statistical precision than purely classical approaches by taking advantage of quantum resources, has recently raised much attention. The precision limit of estimating a parameter x, encoded in a quantum state ρ x of the system, can be calibrated by the quantum Cramér-Rao bound δx ≥ [7] , [8] ,
is the standard deviation of an unbiased estimatorx, and n is the number of repeated experiments. Here J Q = tr[ρ x L 2
x ] denotes the quantum Fisher information (QFI) with L x being the symmetric logarithmic derivative (SLD) defined as the solution to the equation
The QFI thus bounds the precision limit, and larger QFI guarantees higher precision. We find that entanglement in reservoir input qubits plays an indispensable role in the improvement of estimation precision. In this regard, the necessity of incorporating entanglement in the reservoir is also explained. This paper is organised as follows. We begin in Section II by presenting the mathematical description for reservoir qubits in pairs input to an oscillator mode consecutively. In Section III, we discuss the necessity of incorporating entanglement in the reservoir qubits from two different perspectives: stabilisation of squeezed states, and enhancement of parameter-estimation. Finally, Section IV provides some concluding remarks and future research directions.
Notations. In this paper * is used to indicate the complex conjugate z * = x−iy of a complex number z = x+iy (here, i = √ −1 and x, y are real). Real and imaginary parts are denoted by (z) = z+z * 2 and (z) = z−z * 2i respectively. The Hilbert space adjoin of an operator X is denoted by X † . The commutator of two operators X, Y is defined by [X, Y] = XY − YX. The anticommutator of two operators X, Y is defined by {X, Y} = XY+YX. The tensor product of operators X, Y defined on Hilbert spaces H, G is denoted X ⊗ Y, and is defined on the tensor product Hilbert space H ⊗ G.
II. RESERVOIR QUBITS INPUT TO A HARMONIC

OSCILLATOR
In the system setting shown in Fig. 1 , each qubit interacts with the cavity for a fixed time t r according to the Jaynes-Cummings Hamiltonian
with Ω the effective qubit-oscillator coupling strength (Rabi oscillation frequency), a the oscillator mode's annihilation operator and |g , |e the qubit's ground and excited states.
The unitary propagator describing one qubit-oscillator interaction is then
where
with N = a † a the photon number operator, |n (n = 0, 1, 2, ...) the Fock states of the harmonic oscillator mode, and I the identity operator. Please note that our qubitoscillator system is operating in the weakly coupled regime, and thus θ = 1 2 Ωt r is sufficiently small. Specifically, if the reservoir qubits are initialised at different states, we begin with the study of the qubits sent to the harmonic oscillator in pairs. The two qubits constituting a pair interact sequentially with the oscillator according to (2) . In order to obtain a Markovian evolution for the oscillator state, we have to keep track of the result of its interaction with the qubit pair. One pair is thus regarded as one effective auxiliary system, which undergoes two consecutive Hamiltonian interactions with the oscillator (first Hamiltonian coupling with the subspace corresponding to first qubit, and then with the subspace corresponding to second qubit), and the corresponding propagator is obtained as a straightforward extension of U r . In such a fashion, the initial state of one qubit pair can be written as
The initial state of the oscillator is denoted by ρ c (0), which is arbitrary. The evolution of the oscillator state over these two consecutive interactions can then be described by the Kraus map:
In the basis (|g , |e ) for both qubits, the associated operators read:
We recall the approximate Lindblad master equation in [10] characterising the dynamics of this system setting with θ sufficiently small. We expand this Kraus map to the second order in θ, and we observe that it appears to be the discretisation of a Lindblad master equation with three dissipation channels:
with the dissipation super-operator
The a-dimensional time τ corresponds to the duration of the interaction with one pair of qubits. The decoherence operators L 2 and L 3 describe a purely thermal bath at infinite temperature; this simply has the effect of stabilising a high-energy thermal mixture of coherent states. However, by taking |β ge + β eg | sufficiently small, we can make the coupling to this thermal reservoir negligible leaving the dominant terms L 1 and H. In this regime, the reservoir qubits can be prepared to stabilise a minimum-uncertainty squeezed state [10] |α,
are respectively the displacement operator by α = |α|e iφα ∈ C and the squeezing of the vacuum by |ζ| = r in the direction characterised by the angle φ r . That is, denoting
the oscillator quadrature in direction φ (we follow the conventional forms in [6] ), the corresponding variances satisfy
(∆X φr 2 ) = 1 2 e −r for |ψ = S (r) |0 . Therefore, such states saturate the Heisenberg uncertainty inequality, with less uncertainty on X φr/2 than a classical-like state such as the vacuum |0 .
III. THE NECESSITY OF HAVING ENTANGLEMENT IN THE RESERVOIR INPUT QUBITS
A. Stabilisation of squeezed states: entangled input vs. separable input
Concerning the stabilisation problem, in [10] we focus on entangled reservoir input qubits, as regard to the stabilisation of highly squeezed states of the oscillator instead of coherent states. In this section, we will further explore why we are in need of entanglement in the reservoir input qubits considered in pairs. First, we notice that time-varying reservoir input qubits can also stabilise squeezed states of the oscillator. From [12] we are convinced that if each qubit is prepared at the same state |ψ q = cos u|g + e iχ sin u|e , with u ∈ (0, π/4) and χ ∈ [−π, π), the oscillator will be stabilised at the coherent state |ψ c = |α = 2u θ e iχ . By contrast, if we initialise one pair of qubits in the reservoir at the states cos u|g + sin u|e and cos u|g − sin u|e alternately with u ∈ (0, π/4), as shown in Fig. 2 , we find that the oscillator will be stabilised at the squeezed state |0, re iπ where tanh r = tan 2 u. And the corresponding convergence rate is κ = 2θ 2 cos 2u. However, in this simple example, only squeezed vacuum states can be stabilised. We are now interested to see whether a larger set of squeezed states can be stabilised using entangled input than separable input. Before moving to the detailed proof for the necessity of having entanglement in the input, we provide a generalisation of Theorem 1 in [10] , in terms of stabilising the oscillator at squeezed states.
With the aim of stabilising the oscillator at a steady state, it is not surprising to prepare each pair of qubits at an identical joint state. As discussed in II, we require that β ge + β eg = (| | 1), and |β ee | < |β gg | to ensure convergence of the oscillator's state [10] .
Theorem 1: Consider the Lindblad master equation
which describes, according to approximations just discussed, the engineered reservoir obtained through resonant interaction of a harmonic oscillator with a stream of consecutive qubit pairs initialised in the state (3) before interaction. This Lindblad master equation stabilises the squeezed state |α, ζ = re iφr provided we initialise the qubit pairs as
with the parameters tuned as:
The convergence rate towards |α, ζ = re iφr is
Proof: Apply the transformatioñ
By using the properties D † (α)aD(α) = a + α, S † (re iφr )aS(re iφr ) = a cosh r − e iφr a † sinh r, and applying the transformatioñ
we obtain that the corresponding Lindblad master equation forρ c (t) is dominated by the following Hamiltonian and coupling operators
Plugging in the initial parameters for qubit pairs provided in the statement, one can have
This equation stabilisesρ c towards the vacuum state at the rate κ. The converse change of variables yields that the oscillator is stabilised at the state |α, ζ = re iφr as detailed in the statement.
In Theorem 1, entanglement in the reservoir input qubits is not required. And please note that if and only if β gg β ee = β ge β eg , there is no entanglement in the reservoir input qubits.
The following theorem illustrates the advantage and necessity of introducing entanglement in the reservoir input.
Theorem 2: To stabilise the oscillator at a squeezed state |α, ζ = re iφr given in Theorem 1, using the specific setup depicted in Fig. 2 , entangled input enables us to stabilise a strictly larger set of squeezed states than separable input. In more concrete terms, with a given θ, the same = β ge +β eg , and µ = |βgg| |βee| , we have that
where max |α| ent and max |α| sep denote the largest amplitudes that can be achieved using entangled and separable input respectively. Proof: According to Theorem 1, we know µ = |βgg| |βee| > 1. It is not difficult to obtain that
In the separable case, we further have
which is equivalent to
where we make use of the fact |β gg ||β ee | = |β ge ||β eg |.
Therefore, the amplitude of the steady state can be rewritten as a function of | |, φ gg , φ ee , φ eg and φ ge , i.e.,
For any | | 1, in order to obtain the maximal |α|, one has to require that
Moreover, because tan φ = |βge| sin φge+|βeg| sin φeg |βge| cos φge+|βeg| cos φeg , one can conclude that
However, in the separable case, it must be satisfied that
and thus from equations (16),(18),(19), we have
which contradicts with the condition in equation (17). Hence, in the absence of entanglement in the reservoir input, it is obvious that
.
By contrast, if we allow for entanglement in the reservoir input qubits, there is no such a constraint that φ gg + φ ee − φ ge − φ eg = 0( mod 2π). Therefore, even if we still choose |β gg ||β ee | = |β ge ||β eg |, we can make φ gg + φ ee − 2φ = 0( mod 2π) hold in the entangled case. That is to say,
under the conditions mentioned above. Furthermore, if we choose |β gg ||β ee | − |β ge ||β eg | < 0, it can be easily verified that
. It can thus be concluded that
One can further define | o | = max | | { = β ge + β eg | the system (6) can be stabilised at a squeezed state }. The maximal amplitudes that are reachable in the entangled input case, denoted by |α o | ent , and in the separable input case, denoted by |α o | sep , satisfy the following inequality
From Theorem 2 we know θ and µ determine the convergence rate, and the squeezing strength is totally determined by µ. With a strong squeezing strength (µ → 1 + ), both theoretically and practically θ should not be overly small. In fact, it is thus reasonable to bound θ below as min θ = θ o . In Fig. 3 , we illustrate Theorem 2 by comparing the amplitude of a squeezed state stabilised by separable input to that stabilised by entangled input in terms of Wigner quasiprobability distribution. Fig. 3 . A comparison between the amplitudes of squeezed states (Wigner quasi-probability distribution) stabilised by entangled and separable reservoir input, with the same squeezing strength and given θ. The coordinates are located along the squeezing direction and shifted such that (α) = 0. The dashed line corresponds to the boundary that a squeezed state stabilised by separable qubits cannot reach. Only by entangling the reservoir input qubits can we stabilise a squeezed state on the right hand side of the dashed line.
B. Estimation of the parameter θ: entangled input vs. separable input
Inspired by the work in [1] , [5] , our system setup shown in Fig. 2 is a very good candidate for parameter estimation (e.g. coupling strength estimation). However, in this setting, we do not have to impose measurement on the qubits which is intrinsically different from that in [1] . Furthermore, there is no requirement for the initial state of the oscillator. As stated in Theorem 2, the oscillator will be regulated to a squeezed state ρ c = |α, re iφr α, re iφr | in the weakly coupled regime (namely θ = 1 2 Ωt r is sufficiently small). Now in particular we would like to estimate the coupling strength characterised by θ, as an application of our stabilisation result in quantum metrology. In the following part we write the steady state ρ c = |α, re iφr α, re iφr | as ρ c (θ).
The local precision limit of estimating θ from the output state ρ c (θ) is related to the Bures distance between two neighbouring quantum states ρ c (θ) and ρ c (θ + dθ) as [2] 
where d Bures [ρ 1 , ρ 2 ] = 2 − 2F (ρ 1 , ρ 2 ) and F (ρ 1 , ρ 2 ) = tr ρ 1 2
1 is the fidelity between two states. Here J Q denotes the QFI.
The following theorem highlights the role of entanglement in the reservoir input qubits, by calculating the difference between the values of QFI in both separable and entangled input cases.
Theorem 3: For a steady squeezed state ρ c (θ) given in Theorem 1, a strictly higher estimation precision with respect to the parameter θ can be achieved by entangled reservoir input qubits. In terms of quantum Fisher information (QFI) J , we have that max J sep < 16 2 (µ + 1)
In order to obtain the largest J sep , we have to require that φ ee − φ gg = π (mod 2π), φ ge − φ eg = 0 (mod 2π),
which combining with the condition in equation (29) further indicates
However, this contradicts the fact φ gg + φ ee − φ ge − φ eg = 0 (mod 2π) for separable reservoir qubits input. Hence, one can conclude that
By contrast, if we allow for entanglement in the reservoir input, there is no such a constraint that φ gg + φ ee − φ ge − φ eg = 0 (mod 2π). Therefore, even if we still choose |β gg ||β ee | = |β ge ||β eg |, we can achieve
Furthermore, if we take |β gg ||β ee | − |β ge ||β eg | < 0, it is then straightforward that max J ent > 16 2 (µ + 1)
Therefore, max J ent ≥ 16 2 (µ + 1)
This thus emphasises the necessity of having entanglement in the input to improve the precision of estimating θ. The estimation error is bounded below as δθ ≥ 1 √ J . It is also worth mentioning that in standard metrology framework, the associated QFI will decay due to the noisy dynamics of open quantum systems [4] . By contrast, having a stabilised state protects us from involving decay in the QFI as given in Theorem 3; see [10] for the details of practical imperfection analysis.
IV. CONCLUSIONS AND FUTURE WORK
The contribution of this paper is threefold. Firstly, we explore the scenario where separable reservoir qubits, initialised at different states alternately in pairs, input to the harmonic oscillator. We show that with consecutive pairs of separable "time-varying" input qubits, one can stabilise the oscillator at a squeezed state. Secondly, compared with our results in [10] , we prove that entanglement is essential in the reservoir in order to stabilise a larger set of squeezed coherent states (e.g. with larger amplitudes) where separable input qubits are not adequate. Last but not least, from the view of quantum metrology, we demonstrate the necessity of entanglement in the reservoir qubits, aiming to improve the estimation precision of the coupling strength between each qubit and the oscillator. In pursuit of more generalised analysis, in the future, we will consider involving entanglement in the reservoir qubits in a more complicated manner. We would like to see what quantum states of the oscillator can be stabilised, which may be applied to quantum sensing. The role of entanglement in reservoir engineering will thus be further expounded.
